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EXPLANATION OF PLATE XV.

Mar or THE SouTE IsraNp oF NEW ZEALAND, SHOWING rrE KEA'S
DISTRIBUTION.
No. 1. Places where keas have been seen to attack sheep and authentic

accounts have been sent in.
No. 2. Places where keas have been reported to have attacked sheep

but no accounts have been sent in.
No. 3. Place where keas have been reported to have been seen.
No. 4. Capital towns of the provinces. .

Art. XXIX.—On.Isogonal Tmnsformaﬁons: Part I.
By Every~ -G. Hoee, M.A., Christ’s College, Christchurch.
[Read before the Philosophical Inst%tzﬁte of Canterbury, 5th - December,

1906. :

1. « Two points P, P, which are such that lines drawn from
them to the summits of the triangle of reference are equally -
inclined to the bisectors of its angles are called isogonal con-
jugates with respect to the triangle.”—Casey. T

If the trilinear co-ordinates of P be (a 87), those of P’ will

2 2 2'
e («’;— ,GL —";;), but as in what follows trilinear ratios will be
for the most part used, the co-ordinates of P' will be (%% %)

If the co-ordinates of P’ be written (a/8'y') we have aa"="
BB = yy' = a constant : hence an isogonal transférmation is
a species of inversion,-and in the following paper isogonal
transformations will be deseribed in the language of inversion.
The incentre and three excentres (1£141) of the triangle
of reference ABC are the only points which invert into them-
selves. The four points (a+ B+ 7) forming the vertices of
a harmonic quadrangle invert into four points~(1':t%i1)
& Y
forming the summits of another harmonic quadrangle. = - -
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It may also be noticed that according as P is within or
without the triangle ABC so is its inverse point P’ within ov
without that triangle.

2. The line whose equation is
lat+mB+ny=o0
will invert into the conic having for equation
By+myotnaf =o0
Also, any conie circumseribed to the triangle ABC will invers
into a line: in particular the cirecumecircle of the triangle ABC
will invert into the line at infinity.

If a point P (a18:y:;) be determined by the intersection of
“the circle ABC with she conic I8y+myat-naf = o, it may be
at once shown that the lines

BBi—yn =0, ypn—am =0, au—fBf =0
which determine the position of the inverse of P, are all parallel
to the line la+mfB+ny=o.

A line passing through a vertex of the triangle ABC inveris
into a line passing through the same vertex.

3. The conic [By+mya+naB = o will be a hyperbola, para-

bola, or ellipse according as
Vig+ Ymb+ ¥ne> =or <o

but this is the condition that the line lat+mB+ny = o shall
interseet, touch, or not intersect the circle ABC: hence the
theorem that a line inverts into a hyperbola, parabola, or
ellipse according as it cuts, touches, or does not cut the cir-
cumecircle of the triangle of reference.

4. The asymptotes of the conic IBy+mya+-naf =0 are
given by
Imn (aa+bB+cy)*+ A (IBy+mya+1eB) =0

A = a4 bmP+ P — 2bemn — 2cand — 2ablm
It is easily shown that-the angle (¢) between the asymptotes
is given by
- vVa
tan ¢ =oR (Tcos Ad-m cos B+ cos C)

R being the radius of the circle ABC. Hence

1 cos A4m cos B4n cos C
cos ¢ = a

where Q? = P4mP+4n? — 2mn cos A — 2nl cos B — 2m cos C.

where
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1f p be the length of the perpendicular from the eentre of the
circle ABC on la+mﬁ+ny 0, then

R (I cos A+m cos B+n cos O)
p= Q

therefore cos ¢ = g : bus § is the cosine of the angle between

the chord la+mB+ny = o of the circle. ABC and the tangent
o the circle at the extremity of the chord, hence the a.ngle
between the asymptotes of the conic .[By+mya+naf =o is
equal to the angle at which the line la+-mB+ny=0 cuts the
circle ABC.

Moreover, since the excentricity () of the conic is con-

nected with ¢ by the relation ¢ = sec 'L’ and p = R cos ¢, it

follows at once that tangents to cncles concentric Wltb the
circle ABC invert into similar conies.

5. Suppose that a curve S inverts into a curve 8': then to
any two points P and Q:-on S will be two corresponding
inverse points P' and Q' on 8'. If now the point ) move up:
to P and become infinitely close to it, the-point Q' will become
infinitely close to P'. Hence if the tangent to S at the point
P be inverted, it will become a circumeconic touching §' at the
point P'. -

If the line lo + mB + ny = o be inverted, then any tan-.
gent to the conic IBy + mya + nef = o will invert into a
conic touehmg la + mB + ny = o, and a pair of tangents to
the conic I8y + mya + naB = o will invert into a pa.lr of cir-
cumeconies intersecting 1n the point which is the inverse of
that from which the tangents were drawn and having the
line la + mB + ny = 0 as a common tangent.

6. Let two lines Iy = L +myf3 + myy =0 and Ly = lya +
myf + ngy = 0 be taken: these will invert into the conics

81 = LBy + myya 4 mef =0
= LBy + maya + naf =0 (

Let Li=Xa+ pB8+vy =0 be a common tangent of 8, and
S,: then L will invert into the conic -
S=My+pye+vaf=o0
which will have double contact with the line pair I I, : its

equa,txon therefore will be of the form

LL,— (pa + g8+ 7)=0
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Comparing this with the form of S given above we have
PP = bl @ = Mgy, 1* = nymy
hence the equations of the four chords of contaet with L and
I, of the conics which are the inverses of the common
tangents of 8; and S, are ‘ .
Vil o + Vmm,B+ Vumn,y =
The inverses of the points in which these four lines meeb
L, and L, are the points of contact of the common tangents
of 8, and S;.
Let e, = viha+ VmmB + Vunyy = o
o= Viha— Vg — Yy = o0
tr= —VEga+ Vi — Vay = o0
o= —Vila— Ymm,B + Vamyy = o0
and form the conic
T = LILQ - 01'3 =0
which is the inverse of a common tangent #;.

Now write
P, = Vg~ Vingn ~ Py= Vma+ Ymm,
Q= ‘/":Z; — Vngly Q= ‘/”_11—2_ +w ‘/Ele
R1=‘/M““/l2711 sz: ‘/lx—";z_"‘vlle_m—;.
Then the conic T, reduces to
P8y 4+ Qiya +RiefS=0
Op inversion we obtg,in the four common tangents of S, and S,
t = Pla+ QB+ Baz)’ =0
ty= Pla+QB+Riy =0
ts= Plat+ Q7 B+Ry =0
) t, = Pla+ QB+ RlﬁY =0
To find the co-ordinates of the points of contact of # with
S, and 8,, solve for o By between ¢, and L and ¢, and I, and
invert.

We thus find that # will touch 8, and S, respectively in the

points .
(L5 L YRY (VI v ¥
P, Q@ R P, & R
with similar expressions for the points of contact of 2, ¢, and Z
with these conies. . . '
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7. Any triangle circumseribing the conie
S = ABy+pyatvaB =0
will invert into three circumconies having the line
L =+pB+vy =0
as a common tangent. .

A family” of n parabolas circumscribing the triangle of
reference will invert into an m-sided polygon in which the
circle ABC is inscribed. -

The pencil of lines represented by the equation

La+mB+ny+x (atmB+ngy) =0

where « varies, will invert into a family of conies passing
through the four points of intersection of the conics

LBy+mya+iefB =0
LBy+myyatnef =0
In particular a system of parallel lines will invert into
a family of conies passing through four coneyelic points.

Hence, as there will always be two lines, whether of the
pencil or of the parallel system, which are equidistant from
the centre of the circle ABC (excluding those lines of either
system which are diameters of this circle), we see that all
conics passing through four given points may be arranged in
pairs of similar conies.

8. Two tangents drawn from a point P to the circle . ABC
will invert into two parabolas passing through ABC and P'—
the inverse of P with respect to the triangle ABC.

Hence if four points, ABCD, be given, and if-A"B’'C' D' be
respectively the inverses of those points with respect to the
triangle formed by joining the remaining three points, we see
that the two psarabolas which may be drawn through four
given points can be regarded as originating by inversion of
the pair of tangents from the four.points A’ B'C' D’ to the
circles BCD, CDA, DAB, ABC respectively.

Now, if one of the points, say D', fall within the circle
ABC, the tangents from it to that circle are imaginary; and
consequently the two parabolas through ABCD are imaginary :.
therefore the remaining points A’ B'C' must lie within the
respective circles BCD, CDA, DAB. ) .

We may state this result as follows: 1If any four.points
be taken on a parabola, the inverse of any one of the points
with respect to the triangle formed by joining the remaining
three points lies without-the eircumcircle of that triangle.



310 Transactions.

9. We may determine the equation of the two parabolas
which can be drawn through ABC and P(q 8;71) as follows:—
The curve whose equation is

w L Jb c
'\/ ~+ '\/ BT '\/ 7=

is the locus of points whose axes of homology touch the circle
ABGC, while the conic
- 1
Yy
is the locus of points whose axes of homology pass through

(i 1 i)

a Bin

Let these two curves cut in the point o'8'y': then

e By _
al+ﬂl+‘yl_o

0

1.1
TRt

will be a tangent to the circle through
‘We have also

gle

K

1

p2!

1 + 1 " 1

— YT — =0

L S )

a b ¢

'\/'(;T + ’\/ Bt '\/ 7=

whence, eliminating o'8'y’, we have the equation of the two
tangents in the form

¥ aoy(BB—y1y) + v/ 0B(yry — 010) + &/ Cys(@a— i) = 0
and the equation of the pair of parabolas is
L) V(D)o (2
aa|"_ L)+ A/BB( L")+ A/Sc ___)=
v(ﬁ 7 \/‘/ﬁyx @ chu B =°
10. Let there be four concyclic points A, B, C, D, and let
the position of the point D be determined by the intersection
«of the circle ABC and the conic
IBy+mya+tnaB = o0
Then the two parabolas through the four points will be the
inverses of the two tangents to the circle ABC which are
parallel to the line la+mB+ny = o.
Consider the conic whose equation is
me—nb na—Ic  lb—ma

a + B + y =
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It is the locus of points whose axes of homology are parallel
to la4-mpB-+ny = o. :
Let this conic cut in the point (a'8'y') the curve

a D c
-+ A+ A-=0
NN G A
Then the axis of homology of (o’/f'y') will be a tangent to

the circle ABC and parallel to the line la+mB+mny=o.
Bliminating o8y’ between the equations

e B,y -
—+EmEt =0
o By
—nb. —1 1b—
me ,’I'I/ + na,'B' C + 7'7)10 -0

a
a v
'\/ o '\/ 7T '\/ 7=
we have for the equation of the pair of tangents

“\/é(bﬁ‘l"")’)—(mﬁ—l-”‘)/) + b'\/-b"ﬁ (6'y+aa)-('riy-}Tla) .

+c \/% (aa+b@)—(la+mﬁ) =0

The equation of the two parabolas may be written down’

from the above by substituting in it 1 % Liora B8 y respec-
apy
tively.

. 11. Any line parallel to o = o will invert into a conic of the
orm
xBy+aBy+byatca =0 )

All conics of this family touch each other and the circle
ABOC at the vertex A of the triangle of reference.

The two tangents to the circle ABC parallel to o = o invert
into the pair of parabolas

(b0)*Bytao(by+cp) = o

The two tangents to the same circle drawn parallel to the

diameter of the circle through A invert into the pair of

parabolas .
apBy + byo.+ caff + 4 RsinBsin Ca (Bcos B—ycosC) =0
where R is the radius ot the circle ABC.
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12. Any diameter of the circle ABC will invert into a
rectangular hyperbola.
Let the diameter be taken which is perpendicular to the
line a=0; the equation of its inverse is
sin (B—C) sin B sin C
o gy ~°
This conic cuts the circle ABC at the extremity H of the

diameter which passes through the vertex A of the triangle of-

reference ; it also passes through the points (— % % %) and

the orthocentre of the triangle ABC: its centre is at the
middle point of the line BC: the tangent to the conic at A
passes through the symmedian point (abc) of the A ABC,
while the tangent at H passes through the point (—abc).

Arr. XXX. — Some Observations on the Coastal Vegetation of
the South Island of New Zealand.—Part I : General Remarks
on the Coastal Plant Covering. .

By L. Cockavyne, Ph.D.
{Read before the Phulosophical Institute of Canterbury, 8th August, 1906.]

CoNTENTS. -

. Introduction.

. Physiography and climate.

. Ecological factors.

Dunes, salt marshes, and salt meadows.

. Physiognomy of the coastal vegetation.

. The small coastal islands ; endemism.

. Southern and northern limits of coastal plants.

. Local and limited distribution.

. Primitive and modified formations.

10. Mountain plants on the coast.

11, Occurrence of coastal plants inland.

12. Flowers of coastal plants. ' .

13. Coastal distribution as an aid in defining the floral districts.

14, Floristic details.

15. Life forms and adaptations of the true coastal plants.

16. Details as to the inland-coastal plants.

17. Introduced plants of the coast.

18. Origin of the coastal vegetation. -

19. Some differences between the North and South Island coastal vegeta-
tion.

20. List of coastal plants proper, their distribution within and without
New Zealand, stations and life-forms.

21. Bibliography.

© PN D G L0




	rsnz_39_00_003450\rsnz_39_00_0335_0305_mm_01.pdf
	rsnz_39_00_003450\rsnz_39_00_0336_0306_mm_01.pdf
	rsnz_39_00_003450\rsnz_39_00_0337_0307_mm_01.pdf
	rsnz_39_00_003450\rsnz_39_00_0338_0308_mm_01.pdf
	rsnz_39_00_003450\rsnz_39_00_0339_0309_mm_01.pdf
	rsnz_39_00_003450\rsnz_39_00_0340_0310_mm_01.pdf
	rsnz_39_00_003450\rsnz_39_00_0341_0311_mm_01.pdf
	rsnz_39_00_003450\rsnz_39_00_0342_0312_mm_01.pdf

